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Abstract. A four-parametric family of linear connections preserving the al- 
most complex structure is defined on an almost complex manifold with Norden 
metric. Necessary and sufficient conditions for these connections to be natural 
are obtained. A two-parametric family of complex connections is studied on 
a conformal Kahler manifold with Norden metric. The curvature tensors of 
these connections are proved to coincide. 
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Introduction 

Almost complex manifolds with Norden metric were first studied by A. P. Norden 
[9]. These manifolds are introduced in [6] as generalized B-manifolds. A classifi- 
cation of the considered manifolds with respect to the covariant derivative of the 
almost complex structure is obtained in [5] and two equivalent classifications are 
given in [51 [3] . 

An important problem in the geometry of almost complex manifolds with Norden 
metric is the study of linear connections preserving the almost complex structure 
or preserving both, the structure and the Norden metric. The first ones are called 
almost complex connections, and the second ones are called natural connections. A 
special type of a natural connection is the canonical one. In [3] it is proved that 
on an almost complex manifold with Norden metric there exists a unique canonical 
connection. The canonical connection and its conformal group on a conformal 
Kahler manifold with Norden metric are studied in [5]. 

In [10] we have studied the Yano connection on a complex manifold with Norden 
metric and in [TT] we have proved that the curvature tensors of the canonical 
connection and the Yano connection coincide on a conformal Kahler manifold with 
Norden metric. 

In the present paper we define a four-parametric family of almost complex con- 
nections on an almost complex manifold with Norden metric. We find necessary 
and sufficient conditions for these connections to be natural. By this way we ob- 
tain a two-parametric family of natural connections on an almost complex manifold 
with Norden metric. We study a two-parametric family of complex connections on 
a conformal Kahler manifold with Norden metric, obtain the form of the Kahler 
curvature tensor corresponding to each of these connections and prove that these 
tensors coincide. 
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1. Preliminaries 

Let (M, J, g) be a 2n-diniensional almost complex manifold with Norden metric, 
i.e. J is an almost complex structm'c and g is a metric on M such that 

J^X = -X, g{JX, JY) = -g{X, Y) (1.1) 

for all differentiable vector fields X, Y on M, i.e. X,Y ^ X(M). 

The associated metric g of g, given by g{X, Y) = g{X, JY), is a Norden metric, 
too. Both metrics are necessarily neutral, i.e. of signature {n,n). 

Further, X, Y, Z, W {x, y, z, w, respectively) will stand for arbitrary differentiable 
vector fields on M (vectors in TpM, p e M, respectively). 

If V is the Levi-Civita connection of the metric g, the tensor field F of type (0, 3) 
on M is defined by F{X, Y,Z) — g ((Vjf J)y, Z) and has the following symmetries 

F{X, y, Z) = F{X, Z, Y) = F{X, JY, JZ). (1.2) 

Let {e^} [i — \,2, . . . ,2n) be an arbitrary basis of TpM at a point p of M. 
The components of the inverse matrix of g are denoted by g^^ with respect to the 
basis {ci}. The Lie 1-forms 9 and 0* associated with F, and the Lie vector fi, 
corresponding to 6, are defined by, respectively 

e{z)= g'^F{ei,ej,z), 9* = 9 o J, 9{z) = g{z,n). (1.3) 

The Nijenhuis tensor field N for J is given by N{X, Y) = [JX, JY] - [X, Y] - 
J[JX, Y]-J[X, JY]. The corresponding tensor of type (0,3) is given by N{X, Y, Z) = 
g{N{X, Y),Z). In terms of VJ this tensor is expressed in the following way 

N{X, Y) = {VxJ)JY - {VyJ)JX + {VjxJ)Y - {VjyJ)X. (1.4) 

It is known [8 that the almost complex structure is complex if and only if it is 
integrable, i.e. iV = 0. The associated tensor iV of iV is defined by |2J 

N{X, Y) = {VxJ)JY + {VyJ)JX + {VjxJ)Y + {VjyJ)X, (1.5) 

and the corresponding tensor of type (0,3) is given by N{X, Y, Z) = g{N{X, Y),Z). 

A classification of the almost complex manifolds with Norden metric is intro- 
duced in [2], where eight classes of these manifolds are characterized according to 
the properties of F. The three basic classes Wi {i — 1, 2, 3) and the class Wi © W2 
are given by 

• the class Wi: 

F{X, Y,Z) = ^^ [g{X, Y)9{Z) + g{X, JY)9{JZ) 

+g{X,Z)9{Y)+g{X,JZ)9{JY)]; 

• the class VV2 of the special complex manifolds with Norden metric: 

F{X,Y,JZ) + F{Y,Z,JX)+F{Z,X,JY)^0, 9^0; (1.7) 

• the class Wa of the quasi- Kdhler manifolds with Norden metric: 

F{X, Y, Z) + F{Y, Z, X) + F{Z, X,Y) = Q^N = 0: (1.8) 

• the class Wi © W2 of the complex manifolds with Norden metric: 

F{X, Y, JZ) + F{Y, Z, JX) + F{Z, X, JF) = ^ iV = 0. (1.9) 

The special class Wq of the Kdhler manifolds with Norden metric is characterized 
by = 0. 
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A Wi -manifold with closed Lie l-forms 9 and 9* is called a conformal Kahler 
manifold with Norden metric. 

Let R be the curvature tensor of V, i.e. R{X,Y)Z = Slx^yZ - VyVjfZ - 
V[x,y]^ and R{X,Y,Z,W) = g{R{X,Y)Z, W). 

A tensor L of type (0,4) is said to be curvature-like if it has the properties 
of i?, i.e. LiX,Y,Z,W) = -L{Y,X,Z,W) = -L{X,Y,W,Z), L{X,Y,Z,W) + 
L{Y,Z,X,W) + L{Z,X,Y,W) = 0. Then, the Ricci tensor p(L) and the scalar 
curvatures t(L) and t*(L) of L are defined by: 

PiL)iy, z) = g'^L{ei, y, z, e^), 
T{L) = cfip{L){e,,e,), t*{L) ^ g^i p{L){e,,Je,). ^ 

A curvature-like tensor L is called a Kahler tensor if L{X, Y, JZ, JW) = —L{X, Y, Z, W). 
Let S" be a tensor of type (0,2). We consider the following tensors [5j: 

iS)iX, r, Z, W) = .g(r, Z)S{X, W) - g{X, Z)S{Y, W) 

+ g{X, W)S{Y, Z) - g(Y, W)S{X, Z), 
ip2{S){X, Y, Z, W) = g{Y, JZ)S{X, JW) - g{X, JZ)S{Y, JW) (1.11) 
+ g{X, JW)S{Y, JZ) - g{Y, JW)S{X, JZ), 

TTi = IV'i(ff), = \'4>2{g), TTa -^/'i(g) = -02(5)- 

The tensor ipi{S) is curvature-like if S is symmetric, and the tensor il>2{S) is 
curvature-like is S is symmetric and hybrid with respect to J, i.e. S{X, JY) = 
S{Y, JX). The tensors tti — 7r2 and tts are Kahlerian. 

2. Almost complex connections on almost complex manifolds with 

Norden metric 

In this section we study almost complex connections and natural connections on 
almost complex manifolds with Norden metric. First, let us recall the following 

Definition 2.1. [7] A linear connection V on an almost complex manifold (M, J) 
is said to be almost complex i/ V'J = 0. 

Theorem 2.1. On an almost complex manifold with Norden metric there exists a 
4-parametric family of almost complex connections V with torsion tensor T defined 
by, respectively: 

g{V'xY-VxY,Z) = ^F{X,JY,Z)+t,{F{Y,X,Z) 
+FiJY, JX, Z)} + t2{F{Y, JX, Z) - F{JY,X, Z)) 
+t:^{F{Z,X,Y)+F{JZ,JX,Y)] ^ ' ' 

+t4{F{Z, JX,Y)-F{JZ,X,Y)}, 

T{X,Y,Z) = ti{F{Y, X, Z) - F{X,Y, Z) + F{JY, JX, Z) 
-F{JX, JY, Z)} + (i - t2) {F{X, JY, Z) - F{Y, JX, Z)} 
+t2{F{JX,Y,Z) ~ F{JY,X,Z)} +2t3F{JZ,JX,Y) ^ ' ' 

+2tiF{Z, JX,Y), 
where tiEM., « = 1,2,3,4. 

Proof. By p.ip . ()1.2|) and direct computation, we prove that V'J = 0, i.e. the 
connections V are almost complex. □ 
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By p.Sp and ()1.9|) we obtain the form of the ahuost complex connections V' on 
the manifolds belonging to the classes Wi © W2 and Wa as follows, respectively 

Corollary 2.1. On a complex manifold with Norden metric there exists a 2- 
parametric family of complex connections V' defined by 

V'^Y = S/xY + i(Vx J) + p{{VyJ)X + {\7jyJ)JX} 

+q{iVYJ)JX ^iVjYJ)X}, ^ ■ ' 

where p = ti + t^, g = <2 + ^4- 

Corollary 2.2. On a quasi- Kdhler manifold with Norden metric there exists a 
2-parametric family of almost complex connections V' defined by 

V'xY = VxY + \{VxJ)JY + s{(Vy J)X + (Vjy J) JX} 

+t{{VYJ)JX -{VjyJ)X], 

where s = ti — t^, t = t2 — t^. 

Definition 2.2. [3] A linear connection V' on an almost complex manifold with 
Norden metric {M, J, g) is said to be natural if 

Vj = Vg = {^Vg = Vg = 0). (2.5) 

Lemma 2.1. Let {M, J,g) be an almost complex manifold with Norden metric and 
let V' be an arbitrary almost complex connection defined by V2.1\) . Then 

[V'xg) {Y, Z) - {t2 + ti)N{Y, Z, X) - (ti + t^)N{Y, Z, JX), 
(V'^g) (y, Z) = -{ti+ t3)N{Y, Z, X) - {t2 + ti)N{Y, Z, JX). 



Then, by help of Theorem 12.11 and Lemma 12.11 we prove 

Theorem 2.2. An almost complex connection V' defined by i2. 1\) is natural on an 
almost complex manifold with Norden metric if and only if ti — —ts and t2 — —ti, 

giS7'xY^VxY,Z)^^F{X,JY,Z) 

+tiN{Y,Z,JX)~t2NiY,Z,X). 

The equation (|2.7p defines a 2-parametric family of natural connections on an 
almost complex manifold with Norden metric and non-integrable almost complex 
structure. In particular, by (II. 8p and (|2.6p for the manifolds in the class W3 we 
obtain 

Corollary 2.3. Let {AI,J,g) be a quasi-Kdhler manifold with Norden metric. 
Then, the connection V' defined by {2. 4^ is natural for all s,t e M. 



If (M, J,g) is a complex manifold with Norden metric, then from (|1.9|) and ()2.7p 
it follows that there exists a unique natural connection V in the family (j2.3p which 
has the form 

V'^Y = VxY + l{^xJ)JY. (2.8) 

Definition 2.3. [3] A natural connection V' with torsion tensor T on an almost 
complex manifold with Norden metric is said to be canonical if 

T{x, Y, z) + T(y, z, X) ~ T{jx, y, jz) - T(y, jz, jx) = o. (2.9) 

Then, by applying the last condition to the torsion tensors of the natural con- 
nections p.7p . we obtain 
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Proposition 2.1. Let (Af, J, 5) be an almost complex manifold with Norden metric. 
A natural connection V' defined by {2.1^ is canonical if and only i/ti = 0, <2 = |- 
In this case \2.'T^ takes the form 

2g{V'xY - VxY, Z) = F{X, JY, Z) - \N{Y, Z, X). 

Let us remark that G. Ganchev and V. Mihova (31 have proven that on an almost 
complex manifold with Norden metric there exists a unique canonical connection. 
The canonical connection of a complex manifold with Norden metric has the form 
(EH). 

Next, we study the properties of the torsion tensors p.2|) of the almost complex 
connections V. 

The torsion tensor T of an arbitrary linear connection is said to be totally anti- 
symmetric if T{X, Y, Z) = g(T{X, Y), Z) is a 3- form. The last condition is equiva- 
lent to 

T{X,Y,Z) = ^T{X,Z,Y). (2.10) 
Then, having in mind (j2.2p we obtain that the torsion tensors of the almost complex 
connections V defined by (|2.1I) satisfy the condition (|2.10p if and only if ^1=^2 = 
t3 ^ 0, t4 ^ J. Hence, we prove the following 

Theorem 2.3. Let {M,J,g) be an almost complex manifold with Norden metric 
and non-integrable almost complex structure. Then, on M there exists a unique 
almost complex connection V' in the family i2.1\) whose torsion tensor is a 3-form. 
This connection is defined by 

g{V'^Y - VxY, Z) = \{2F{X, JY, Z) + F{Z, JX, Y) 

~F{JZ,X,Y)]. ^ • ' 

By Corollarv l2.2l and the last theorem we obtain 

Corollary 2.4. On a quasi-Kdhler manifold with Norden metric there exists a 
unique natural connection V' in the family {2.^^ whose torsion tensor is a 3-form. 
This connection is given by 

V^y = VxY + \{2{VxJ)JY - (Vy J)JX + {VjyJ)X]. (2.12) 

Let us remark that the connection (|2.12p can be considered as an analogue of the 
Bismut connection [I], [4] in the geometry of the almost complex manifolds with 
Norden metric. 

Let us consider symmetric almost complex connections in the family ()2.ip . By 
(|2^ and pTIj) we obtain 

T{X,Y) -T{JX,JY) = \N{X,Y). (2.13) 

From (mni), (1221) and it follows that T = if and only if iV = and 

ti ~ tj, ^ t/^ ^ t2 ~ \. Then, it is valid the following 

Theorem 2.4. Let (M, J, 5) be a complex manifold with Norden metric. Then, on 
M there exists a unique complex symmetric connection V belonging to the family 
i2.3\) which is given by 

V'^Y = VxY + \{{VxJ)JY + 2{VyJ)JX - {VjxJ)Y}. (2.14) 

The connection (|2.14|) is known as the Yano connection [121 IB] • 
We give a summery of the obtained results for the 4-parametric family of almost 
complex connections V' in the following 
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Class manifolds 


Connection type 






m 


almost complex 


tl,t2,t3,t4, £ R 


p,qeM. 


s,f G R 


natural 


ti = —ts, ^2 ~ —ti 


p = q = Q 


s,t G R 


canonical 


ti — ts = 0, t2 = —t4 — 1 


p = q = Q 


s = 0, t = i 


T is a 3-form 


ti — t2 = ts — 0, t4 — J 


$ 


s = 0, t = -i 


symmetric 


$ 







Tabic 1 

3. Complex connections on conformal Kahler manifolds with 

NORDEN metric 

Let (Af, J, g) be a Wi-manifold with Norden metric and consider the 2-paranietric 
family of complex connections V defined by (|2.3p . By (|1.6p we obtain the form of 
V' on a Wi-manifold as follows 

V'^Y = VxY + 4^{.g(X, JY)n - g{X, Y).m + e{JY)X 

^e{Y)jx] + l{e{x)Y + e{jx)jY) + i{e{jx)Y - e{x)jY]. 

Then, by p.ip and straightforward computation we prove 



(3.1) 



Theorem 3.1. Let (M,J,g) be a conformal Kdhler manifold with Norden metric 
and V' be an arbitrary complex connection in the family i2.3\) . Then, the Kdhler 
curvature tensor R' of V has the form 

where S and P are defined by, respectively: 



16n2 



S{X,Y) = {Vx6)JY+^^{6{X)e{Y)-e{JX)e{JY)], 
P{X, Y) = e{X)0{Y) + e{JX)9{JY). 

By (I3.ip we prove the following 



(3.2) 



(3.3) 



Lemma 3.1. Let (M, J,g) be a Wi-manifold and V' be an arbitrary complex con- 
nection in the family 112. 3\) . Then, the covariant derivatives of g and g are given 
by 

(V'^g) (Y, Z) = -lirnX) + qe{JX)]g{Y, Z) 

+[pe{jx)~q9{xMY,jz)], 
{v^g){Y,z) = l{[pe{jx) - qe{xMY,z) 

~[pe{x) + qe{jx)]g{Y,jz)]. 

It is well-known 7 that the curvature tensor R' and the torsion tensor T of an 
arbitrary linear connection V' satisfy the second Bianchi identity, i.e. 

e { {VxR') {Y, Z, W) + R'{T{X, Y), Z,W)}^ 0, (3.4) 

where & is the cyclic sum over X, Y, Z. 

From (|3.ip it follows that the torsion tensor of an arbitrary connection V in the 
family (|2.3p has the following form on a Wi-manifold 

Tix, Y) = i^{e{x)jY - e{Y)jx - e{jx)Y + e{jY)x] 

+ l{e{x)Y ~ e{Y)x + e{jx)jY - e{jY)jx] ^ ' ' 

Let us denote t' — t{R') and t'* = T*(i?'). We establish the following 



ALMOST COMPLEX CONNECTIONS ON ALMOST COMPLEX MANIFOLDS WITH NORDEN METRIC 



Theorem 3.2. Let {M,J,g) be a conformal Kdhler manifold with Norden metric, 
and t' and t'* he the scalar curvatures of the Kdhler curvature tensor R' correspond- 
ing to the complex connection V' defined by i2.3\) . Then, the function t' + ir'* is 
holomorphic on M and the Lie 1- forms and 9* are defined in a unique way by r' 
and t'* as follows: 

^1 

61 2nd(arctan— ), 9* = -2nd{\ny/ t'^ + t'*^) . (3.6) 

Proof. By and we obtain 

{V'^R') [Y, Z, W) + {V'yR') {Z, X, W) + {V'zR') {X, Y, W) 
= ^ {0{X)R'{JY, Z, W) - 6{JX)R'{Y, Z, W) 
-9(Y)R'{JX, Z, W) + 9{JY)R'{X, Z, W) 

+9{Z)R'{JX,Y,W) - 9{JZ)R'{X,Y,W)} ^^'"^^ 
-^{9{X)R'{Y,Z, W) +9{JX)R'{JY,Z, W)-9{Y)R\X, Z, W) 
-9{JY)R'{JX, Z, W) + e{Z)R'{X, Y, W) + 9{JZ)R'{JX, Y,W)}. 

Then, having in mind the equahties (j3.3p and their analogous equalities for g^^ , we 
find the total traces of the both sides of (|3.7I) and get 

dr' ^ :^{t'*9 -t'9*}, dr'* = -^{t'9 + t'*9*}. (3.8) 

From p.Sp it follows immediately that dr'* o J = —dr', i.e. the function r' + ir'* 
is holomorphic on M and the equalities (|3.6I) hold. □ 

References 

[1] J.-M. Bismut, A local index theorem for non-Kdhler manifolds, Math. Ann. 284, 1989, 681- 
699. 

[2] G. Ganchev, A. Borisov, Note on the almost complex manifolds with a Norden metric, Gompt. 

Rend. Acad. Bulg. Sci. 39(5) (1986), 31-34. 
[3] G. Ganchev, V. Mihova, Canonical connection and the canonical conformal group on an 

almost complex manifold with B-metric, Ann. Univ. Sofia Fac. Math. Inform., 81(1) (1987), 

195-206. 

[4] P. Gauduchon, Hermitian connections and Dirac operators, Bollettino U.M.I. 11, 1997, 257— 
288. 

[5] G. Ganchev, K. Gribachev, V. Mihova, B-connections and their conformal invariants on 
conformally Kdhler manifolds with B-metric, Publ. Inst. Math. (Beograd) (N.S.) 42(56) 
(1987), 107-121. 

[6] K. Gribachev, D. Mekerov, G. Djelepov, Generalized B-manifolds, Compt. Rend. Acad. Bulg. 

Sci. 38(3) (1985), 299-302. 
[7] S. Kobayshi, K. Nomizu, Foundations of differential geometry vol. 1, 2, Intersc. Publ., New 

York (1963), (1969). 

[8] A. Newlander, L. Niremberg, Complex analytic coordinates in almost complex manifolds, 

Ann. Math. 65 (1957), 391-404. 
[9] A. P. Norden, On a class of four- dimensional A-spaces, Russian Math. (Izv VUZ) 17(4) 

(1960), 145-157. 

[10] M. Teofilova, Complex connections on complex manifolds with Norden metric. Contempo- 
rary Aspects of Complex Analysis, Differential Geometry and Mathematical Physics, eds. S. 
Dimiev and K. Sekigawa, World Sci. Publ., Singapore (2005), 326-335. 

[11] M. Teofilova, Curvature properties of conformal Kdhler manifolds with Norden metric, Math. 
Educ. Math., Proc. of 35* Spring Conference of UBM, Borovec (2006), 214-219. 

[12] K. Yano, Affine connections in an almost product space, Kodai Math. Semin. Rep. 11(1) 
(1959), 1-24. 



8 



MARTA TEOFILOVA 



[13] K. Yano, Differential geometry on complex and almost complex spaces, Pure and Applied 
Math. vol. 49, Pergamon Press Book, New York (1965). 

Marta Teofilova 

Department of Geometry 

Faculty of Mathematics and Informatics 

University of Plovdiv 

236 Bulgaria Blvd. 

4003 Plovdiv, Bulgaria 

e-mail: marta@uni-plovdiv.bg 



